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Abstract—Within the domain of molecular communications,
researchers mimic the techniques in nature to come up with
alternative communication methods for collaborating nanoma-
chines. This work investigates the channel transfer function for
molecular communication via diffusion. In nature, information-
carrying molecules are generally absorbed by the target node via
receptors. Using the concentration function, without considering
the absorption process, as the channel transfer function implicitly
assumes that the receiver node does not affect the system. In this
letter, we propose a solid analytical formulation and analyze the
signal metrics (attenuation and propagation delay) for molecular
communication via diffusion channel with an absorbing receiver
in a 3-D environment. The proposed model and the formulation
match well with the simulations without any normalization.
Index Terms—Molecular communication, Communication via
Diffusion, channel characteristics, inverse Gaussian distribution.
I. INTRODUCTION
NANOMACHINES are defined as the devices ranging insize from 0.1 µm to 10 µm and composed of nano-scale
components in size less than 100 nm at least in one dimension
[1]. Cooperation and communication between such machines
enable the realization of complex applications such as health
monitoring, tissue engineering, nanomedicine, and environ-
ment monitoring [2], [3]. According to the IEEE P1906.1 defi-
nition, nanonetworking deals with the communication between
nano- and/or micro-scale machines that has at least one nano-
scale component, and is controlled or engineered by humans.
In the literature, various molecular communication systems,
such as molecular communication via diffusion (MCvD),
calcium signaling, microtubules, pheromone signaling, and
bacterium-based communication are proposed [2], [3]. Among
these systems, MCvD is an effective and energy-efficient
method for transporting information [4], [5]. In MCvD, the
information is transmitted via the propagation of molecules
through the environment. An MCvD system is composed
of five main processes: encoding, emission (transmission),
propagation, absorption (reception), and decoding [6]. In
nature, most of the receptor types remove the information-
carrying molecules from the environment once they arrive at
the receiver, which means molecules contribute to the signal
once in a short duration. Therefore, considering absorption
is necessary since using concentration or the molecule dis-
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tribution function as the channel transfer function implicitly
assumes the receiver node does not affect the MCvD system.
In this letter, we derive the first hitting probability function
in a 3-D environment. To the best of our knowledge, it is the
first analytical 3-D channel characterization in the nanonet-
working literature for an absorbing receiver. Prior work using
the concentration function for the channel characterization
requires a normalization factor to agree with the simulation
results, which necessitates simulation. In this letter, the first
hitting probability distribution for an absorbing spherical re-
ceiver is introduced with a solid formulation, which matches
well with the simulations without any normalization. Based on
our analytical and numerical results, we confirm that an inverse
Gaussian distribution with a modification is valid even for a
3-D environment. Note that final analytical formula, which will
be introduced in Subsection III-A, is not a distribution since
there is a positive probability of not hitting on the absorbing
boundary for a diffusing particle in a 3-D environment when
time goes to infinity.
II. SYSTEM MODEL
A. Molecular Communication via Diffusion
The physical system considered in this letter consists
of a molecular channel, a transmitter-receiver pair, and
information-carrying molecules. Fig. 1 depicts a diagram of
the system. The molecular channel is in a 3-D environment,
represented by a spherical coordinate space and has infinite
extent in all dimensions. This environment is completely filled
with a fluid of viscosity η and is exempt from flow currents.
Therefore, the propagation in the environment solely depends
on Brownian motion. The transmitter is a point source of a size
equal to zero and is located at distance r0 from the center of
the absorbing receiver and distance d from the closest point
on the surface of the receiver, where d = r0 − rr. Messen-
ger molecules are non-trivial chemical compounds (such as
proteins or polypeptides), which are emitted from the point
transmitter to carry the encoded information to the receiver.
After their release, each molecule moves independently within
the molecular channel according to Brownian motion. The
receiver is a 3-D sphere of radius rr with fully absorbing
boundaries. That is, every molecule colliding with the surface
of the sphere is absorbed by the receiver body and removed
from the communication environment. The receiver is assumed
to have the ability to count the number of absorbed molecules
in any given time interval.
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Fig. 1. MCvD system and NΩRx(t, t + ∆t) plot (Nr0Tx = 5000 molecules, rr = 10µm, D = 79.4µm2/s, d = 10µm, ∆t = 10−4). Evaluations in this
letter are carried out using the human insulin hormone like molecules as the information-carrying molecule in a blood like fluid at 310◦K.
B. Microscopic Theory of Diffusion
The microscopic theory of diffusion can be developed from
two simple assumptions. The first is that a substance will move
down its concentration gradient. A steeper gradient results in
the movement of more particles. The derivative of the flux
with respect to time results in Fick’s second law in a 3-D
environment
∂p(r, t|r0)
∂t
= D∇2p(r, t|r0) (1)
where ∇2, p(r, t|r0), and D are the Laplacian operator, the
molecule distribution function at time t and distance r given
the initial distance r0, and the diffusion constant, respectively.
The value of D depends on the temperature, viscosity of the
fluid, and the Stokes’ radius of the molecule [7].
III. CHANNEL CHARACTERISTICS
A. Hitting Rate to Spherical Absorber
For the calculation of the hitting rate to a spherical absorber,
we consider the methodology presented in [8] and [9]. In the
remainder of this section, we present the derivation of the
formulas to ultimately find the fraction of molecules absorbed
by the receiver as a function of time.
In addition to Fick’s 3-D diffusion equation, we should
define the initial and the boundary conditions obeying the
problem at hand.
The initial condition is defined as
p(r, t→ 0|r0) = 1
4pir20
δ(r − r0), (2)
and the first boundary condition is
lim
r→∞
p(r, t|r0) = 0, (3)
which denotes the assumption that the distribution of the
molecules vanishes at distances far greater than r0. The second
boundary condition is
D
∂p(r, t|r0)
∂r
= wp(r, t|r0) , for r = rr (4)
for which as w, the rate of reaction, approaches infinity we
create a boundary where every collision leads to absorption.
When we have an absorption for every collision, we conse-
quently have a diminishing p(r, t|r0) as approaching to the
surface of the absorber (i.e., p(rr, t|r0) = 0, which also holds
as a boundary condition).
First we observe that Fick’s second law (1) becomes
∂(r · p(r, t|r0))
∂t
= D
∂2r · p(r, t|r0)
∂r2
(5)
when we move to the spherical coordinates and drop terms
with θ and φ from the Laplacian operator since p(r, t|r0) is
spherically symmetric and depends solely on r.
As the next step, we partition p(r, t|r0) into two equations,
u(r, t|r0) and v(r, t|r0), which individually obey the radial dif-
fusion equation (5) and together obey the boundary conditions
(3) and (4). Therefore, the function u(r, t|r0) must satisfy
∂(r · u(r, t|r0))
∂t
= D
∂2(r · u(r, t|r0))
∂r2
(6)
r · u(r, t→ 0|r0) = 1
4pir0
δ(r − r0). (7)
Through Fourier transform, we obtain:
r · u(r, t|r0) = 1
2pi
+∞∫
−∞
U(k, t|r0)eikrdk. (8)
When we plug (8) into (5), we get:
U(k, t|r0) = Ku · exp[−Dtk2] (9)
where Ku is the time-independent coefficient and is deter-
mined from the initial condition (7) as:
Ku =
1
4pir0
e−ikr0 , (10)
which results in the final Fourier expression:
r · u(r, t|r0) = 1
8pi2r0
+∞∫
−∞
exp[−Dtk2]eik(r−r0)dk (11)
that yields the following expression after integration:
r · u(r, t|r0) = 1
4pir0
1√
4piDt
exp
[
− (r − r0)
2
4Dt
]
. (12)
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Secondly, we handle the remaining part, v(r, t|r0), which must
satisfy
∂(r · v(r, t|r0))
∂t
= D
∂2(r · v(r, t|r0))
∂r2
(13)
r · v(r, t→ 0|r0) = 0. (14)
Through Laplace transform this time, we have
s
D
(r · V(r, s|r0)) = ∂
2(r · V(r, s|r0)
∂r2
(15)
where V(r, s|r0) is the Laplace transform of v(r, t|r0). Ap-
plying the boundary condition (3), we obtain
r · V(r, s|r0) = Kv exp
[
−
√
s
D
r
]
(16)
where Kv is a constant that should satisfy the second boundary
condition (4). At this point, we consider the transform of the
complete solution p(r, t|r0) rather than the inverse Laplace
transform of v(r, t|r0) since from the boundary condition it is
easier to determine the arbitrary constant Kv. Here, we finally
plug in the Laplace transform of u(r, t|r0) and obtain
r · P(r, s|r0) = r · U(r, s|r0) + r · V(r, s|r0),
=
1
4pir0
1√
4Ds
e−
√
s
D
|r−r0|Kv e−
√
s
D
r. (17)
Also with the Laplace transform of the boundary condition (4),
we get
∂(r · P(r, s|r0))
∂r
∣∣∣∣
r=rr
=
wrr +D
Drr
rr · P(r, s|r0). (18)
From (17) and (18), we determine
Kv =
√
s/D − (wrr +D)/(Drr)√
s/D + (wrr +D)/(Drr)
1
4pir0
1√
4Ds
× exp
[
−
√
s/D(r0 − 2rr)
]
(19)
which produces the ultimate result for P(r, s|r0). The inverse
Laplace transform of P(r, s|r0) yields to
p(r, t|r0) = 1
4pirr0
1√
4piDt
(
exp
[
− (r − r0)
2
4Dt
]
+ exp
[
− (r + r0 − 2rr)
2
4Dt
])
− 1
4pirr0
wrr +D
Drr
exp
[(
wrr +D
Drr
)2
Dt (20)
+
wrr +D
Drr
(r + r0 − 2rr)
]
× erfc
[
wrr +D
Drr
√
Dt+
r + r0 − 2rr√
4Dt
]
.
Now for the case of the absorbing boundary, we consider
the case when w →∞ and the solution (20) becomes
p(r, t|r0) = 1
4pirr0
1√
4piDt
(
e−
(r−r0)
2
4Dt − e− (r+r0−2rr)
2
4Dt
)
.
(21)
Following the molecule distribution p(r, t|r0), we find the
hitting rate of the molecules nhit(Ωr, t|r0) to the receiver Ωr,
which is given by
nhit(Ωr, t|r0) = 4pir2rwp(rr , t|r0)
=
rr
r0
1√
4piDt
r0 − rr
t
e−
(r0−rr)
2
4Dt . (22)
Furthermore, by integrating nhit(Ωr, t|r0) we obtain
Nhit(Ωr, t|r0), which is the fraction of molecules absorbed by
the receiver until time t:
Nhit(Ωr, t|r0) =
t∫
0
nhit(Ωr, t
′|r0)dt′
=
rr
r0
erfc
[
r0 − rr√
4Dt
]
(23)
Hence, the expected number of molecules hitting to the
receiver in an interval [t, t+∆t] can be evaluated by
E[NΩrRx (t, t+∆t)] = N
r0
Tx {Nhit(Ωr, t+∆t|r0)
− Nhit(Ωr, t|r0)}
(24)
where E[.] and N r0Tx denote the expectation operator and the
number of emitted molecules, respectively.
The main contribution of this letter is to introduce
(22) and (23) to the nanonetworking domain. By utilizing
nhit(Ωr, t|r0) and Nhit(Ωr, t|r0), we can understand MCvD
channel response in a 3-D environment. Therefore, these
formulations are crucial for system designers and researchers.
We investigate and reveal two important channel metrics in
the following subsections.
B. Pulse Peak Time
MCvD signal has one peak as shown in Fig. 1. Hence
we can find the mean pulse peak time, tpeak, by finding the
vanishing point for the derivative of nhit(Ωr, t|r0) with respect
to time:
∂nhit(Ωr, t|r0)
∂t
=
∂
(
rr
r0
d√
4piDt3
e−d
2/4Dt
)
∂t
= 0. (25)
Solving (25) in terms of t leads us to
E[tpeak] =
d2
6D
. (26)
In electromagnetic (EM) communications, tpeak is propor-
tional to the propagation time, which is the distance divided
by the wave propagation speed, hence it is proportional to
d. In the MCvD system, due to the absorbing receiver and
the diffusion dynamics, tpeak is proportional to d2. Therefore,
in the MCvD system, a significant factor bearing on the
effectiveness of the communication is the distance parameter.
In Fig. 2, distance versus E[tpeak] is presented for different D
values. Simulation results validate the analytical formulation.
Doubling the distance makes it four times longer to observe
the peak. Increasing D results in a decrease in tpeak; for twice
D, we observe half of the tpeak value.
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Fig. 2. Distance versus tpeak (Nr0Tx = 5000 molecules, rr = 10µm).
TABLE I
DIFFUSION CHANNEL CHARACTERISTICS COMPARISON MATRIX.
Metric Physical Relation Electromagnetic MCvD
tpeak Propagation Delay d d2
npeak Path Loss 1/d2 1/d3
C. Pulse Amplitude
The pulse amplitude, npeak can be considered as the channel
attenuation. If the diffusion process was evaluated without
considering absorption, npeak would not depend on D, contrary
to the absorbing receiver case [8], [10].
Let us consider a pulse sent at time t = 0, with number
of emitted molecules N r0Tx . We can obtain the maximum
number of received molecules, npeak, by substituting tpeak into
nhit(Ωr, t|r0) and multiplying it by the number of emitted
molecules and ∆t.
E[npeak] = N
r0
Tx ∆t nhit(Ωr, t|r0)
∣∣
t=tpeak
= N r0Tx ∆t
rr
r0
D
d2
e−3/2√
pi/54
(27)
= N r0Tx ∆t
rr
d+ rr
D
d2
e−3/2√
pi/54
.
The value of npeak in this case (considering absorption) de-
pends on the number of emitted molecules N r0Tx , the receiver
node radius rr , distance d, and diffusion coefficient D.
For a fixed rr , we have npeak ∼ 1/d3, and this behavior
reveals the difference compared to EM communications. If
we ignore fading, the amplitude of EM pulse propagating
in free space decreases proportionally to the square of the
transmission distance. The amplitude of a pulse in the MCvD
channel, however, decreases proportionally to the cube of the
distance. We summarize the comparison of MCvD with EM
in Table I.
Fig. 3 depicts distance versus pulse amplitude. We ob-
serve the close match between simulation and the analytical
formulation. Increasing the distance decreases the amplitude
while increasing the radius of the receiver results in higher
E[npeak]. Simulation values for npeak are always higher than
the analytical value since we take the maximum possible value
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Fig. 3. Distance versus npeak (Nr0Tx = 5000 molecules, D = 79.4µm2/s).
in the simulations which is always expected to be larger than
the mean value.
IV. CONCLUSION
In this letter, we investigated the channel transfer function
of a molecular communication channel for the case of an
absorbing receiver. In nature, molecule absorption is com-
monly observed where the main means of communication
is diffusion. Therefore, almost each molecule contributes to
the signal once. Prior work on molecular communication,
however, has not addressed this issue and has relied on concen-
tration function. In this work, we provided analytical solutions
to molecule absorption rate and fraction of absorbed molecules
in a 3-D environment. Following this revelation, we presented
channel metrics, pulse peak time and pulse amplitude, where
simulation results verified the analytical formulations.
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